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: §§ 'I‘hese are: o
T S decomposxtwn of 13 and 1 1nto prlme fa,ctors ) smaller numbers. See the example in § 7.

v ---The decomp051t1011 being completed, we are left with prime ‘used for reasons ment1oned in § 2.

- ape suffmently sma]l as compared w1th the maximal number

-

A new aspect 1n the cal ulatlon 621.833.001.24
of toothed geaﬂng

his, paper deals with the caleulatmn of the numbery of tecth of the wheels in a ge‘mng w 1th a prescrlbed gear
o, equal to the quotlent of two integers kJl. The known methods of decomposing k and ! into prime factors,
;and of developmg %/1in continued fractions often fail to glve a practlcal and exact solution. A new method is
“+deseribed, based on the lntroduetmn of planet gearings {or simple differentials) in the conventional gearing.
Practleal and exact solutlons cau be obtalned for arbltrary Values of k and l even for very large ‘primes.

§ 1. T troductlon ) § 3 Approxlmatlon by contlnued fractmns )

In speCIal 1nstruments or machlnes sometlmes a gedrmg " By the anthmetlcal method of developmo’ the ﬁactlon
has to. be realized of whwh the’ gear ratlo is equal to the &/ in contmued flactlons [6, 7] we obtain a finite series of
quotlent of two mtegers & and l If these integers are small, *fractions k /l’ of integers which glve successive approximations
one of ore useful solutions readlly suggcst themselves. If to %/l We have always k" < k and U<l
howeVer thls is not so, it is necessary to calculate suitable If the method of §2 g1ves no solutlon for k/fl, this method
) ,,,V\lc will deal ‘here only .can be tned now for ‘each of the fmctlons k. The problem
! 1 part of the design of gearing. is at least somewhat s1mpl1f1ed as we have smaller num-
) such vnumj'bers has been treated bers [8]

i be descrlbed briefly in the next “The stfrp.’nsmg feature in thls method is that often sufflclc-nt
- or even very. good approxrmatlons can be found with far

[

2 approx1mat10n to the fractlon ]c/l by contmued fractlons . There are however cases in whlch only an exact solution
kS - . _"“'can’be used. If the " rotatlon is always in the same direction
§ 2. Decomposltlon mto pnme factors even a very small error in the ratio will give rise to an ever

Trying to factorlze a number of the order of 10 000 or more increasing difference between the actual position of the output

isa rather laborlous task. Time and labour can be saved by shaft and its desired position. Also it may happen that all
the use of a su1table table [1_“,] ) fractions which give sufficient” approximations eannot be

‘.

N .k ofk dl,l . 1, of 1. If all these fact,
factors fi & Tp 007 ARG o A § 4. Consxderatlon of conventlonal gearing

N of teeth allowed on a wheel, several comblnatlons of these Ina eonventlonal gearmg we have an input shaft which is

factors over each pair of wheels can be tried. If for instance  coupled by means of two meshed gears with the first inter-

p'="4and g =5, we may take wheels with numbers of teeth mediate shaft and so on to the output shaft. So there is one

. equal to k X kz, kg, k,p I X l3, Il X Iy, ly, combining the wheels  single path between in- and output. Each of the pairs of gears

ay. B . . P . o multlplxes or leldeS the veloc1ty a fractlon whlch is the
oo k1><k2 By L k- X ey ];3 ) kb ’ fatio of the numbers of teeth on the ‘wheels. Looking upon
yor 81 >< ; l_ l >< L° ete. this apparatus as a calculating machine we could say that it
S 2 4 ? 8 © can multiply or divide only. It is exactly this property that

~An arb A. rary sultable factor may be 1ntroduced both in the forces us to the decomposmon of § 2 if we wish to reahze a

-

><l l><l4l

: ﬂumerator and in the denommator of each of these fractlons given gear ratlo Of course one uses. tlns scheme because

We may try to obtam a_minimal number of wheéls and multlphcatlon can be done mechanlcally in suchas1mp1e way.

7

i s'tan’derd 'xiur_hb ‘teeth, . ..There is howcver also a ra,tl)e,r simple mechanical device

If some of the fa ors are not small as compared with N, whmh can add and subtract This is the planet gearing, or in
we are foreed to’ us wheels Wlth ,num ers of teeth equal to its s:mplest form the dlfferentlal Th1s line of thought indeed
these factors. e prime numb;rs they will often not leads to results.

"be found among standard tooth numbersAand it will’ be Tather By makmg use of dlfferentials 1n gearmgs as consxdered
dlfflcult to obtam or make such . here many degrees of freedom in the design are obtained. So

“If at least one of the factgrs is la,rger than N, this type of many 1ndeed that it is even (at least ‘theoretically) possible
solutlon becom 5 unpossxble This is also the case if one or to realize a gearmg for any given gear ratio %/l in which all
‘both deeomposmons cannot be found For integers of about wheels have the same (arbitrary) number of teeth! This will
10° or more tables Wlll not generally be at ‘hand. For numbers * be shown in § 6.
in excess of 108 the decomposmon is even unknown - Ifa gearing with a given gear ratlo has to be des1gned

‘A solution found with this method 1§ always an exact one, we suggest startmg in the usual way, t_hat is as’ described
m other words the error in the gear ratlo is z€ro. in § 2. If an exact solutign is not necessary the method of §3

X
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Fig. 1. A gearing D with a gear ratio of 1/n can be modified to

a gearing as shown, with a gear ratio of 1/(n- 1), by the use

of wheels with the same (and arbitrary) number of tecth only.

@ and J are differentials with planet pinions in cages H und K

respectively. The shaft F is fixed. A und L arc in- and output
) shafts.

should be applied next. As differentials are a complication,
they should not be introduced before conventionul design
has been tried thoroughly.

" The introduction of differentiuls turns out to be so powerful
s means that in all cases several relatively simple and exact
solutions can be found, independently of the possibility of
decomposition or approximation [8]. -

In a gearing containing differcntials the input shaft is
coupled to more than one of the intermediate shafts. So the
psath between in- und output is not e single one. The scheme
of such a geariug may be compared with an electronic am-
plifier containing positive or negative feed back loops.

g 5 Calculation of a gearing with differendals
. for a given gear ratio k/l

-'%¥e first decompose k and 7 into prime factors as far as
possible. All prime factors larger than N may be written as an
dlgebraical sum of two or morc integers. These should be
chosen in such » way that they can be decomposcd themasclves
into some of the prime factors already present. The number
of 4+ and -— signs in the terms should be kept as low as pos-
sible, since the number of differentinls needed is equal to or
larger than it. There are an infinite number of ways of writing
arbitrary integers as a sum of even two suitably decomposable
integers. A general rule which of these is the best one cannot
(yet?) be given. i ’

This being done, the scheme of the gearing generally sug-
gests itself from the numerical form obtained. In § 7 we will
give an example.

g6 'AAij'bitrary gear ratio k/l obtained by wheels
- with egual numbers of teeth

The proof that this is actually possible consists of three
parts. '
. First we argue that if we have to realize a ratio ¥/l we are
able to do 50, as soon as we can realize 1/n in which n is an
‘arbitrary number. For if we have 1/n we have also 1/n by
interchanging in- and output shafts). As n is arbitrary we
can realize k/1 (case n = k) and 1/l (case n = ). By
_.coupling the output shaft of the gearing with ratio k/1 to the
input shaft of that with ratio 1/I the ratio of the series gearing
becomes k/I. So we have only to prove that a ratio 1/n is pos-
sible. |
-The second step is to point out that we can realize a gear
ratio 1/n for arbitrary n if we can prove two things:
1. 1/1 can be realized, '
2. @ ratio 1/n can be modified into 1/ (n + 1).
. -This is what is, generally called an inductive proof. Once
these two facts are established we can meodify 1/1 into 1/2,
this into 1/3 and so on.

v & ratio 1/1 eﬂsti. %s is a §ﬁglc shaft.

-So Ehe third and final step will be to prove that a gear ratio
1/n can be changed into 1/(n -+ 1) for arbitrary values of n
by the use of whecls with the same number of teeth only.
It turns out that two diffcrentials have to be introduced to
provide for this change. ’ .

Fig. 1 is a schematical drawing for this case. If the input
shaft 4 muakes -+ 1 revolution, B and C make —1 revolution.
D is the gearing with the ratio 1/n. So E will make —n re-
volutions. F is fixed. So the cage H with the two planet
pinions of the differential ¢ will make -—0.5 revolution. This
will cause cage K with the two planet pinions of differential
J to make + 0.5 revolution. The output shaft L will turn,
due to the rotation of E and K over ——n) + 2 X0.5 =
== B + 1 revolutions. All wheels may have the same number
of teeth. Now our proof is complete.

Of the two differentials G and J only J serves for addition.
Its function corresponds with the -+ signin 1/ (n+ 1). However
in the output shaft L we find the rotation of the cage K
multiplied by a fuctor two and so we need the other differential
G to correct for this effect. It serves merely as a gearing with
a gear ratio 2/1.

There are two paths 4-B-D-E-J-L and 4-C-G-HH-K-J-L
ffom the input shaft .{ to the output shaft L. If n is large the
former can be considered as the main path, and the other as
a correction to it (positive feed ,forward” coupling). The
whole system has mechanically one degree of freedom only.
Therefore we may as well consider L as the input shaft. The
gear ratio is (n -+ 1)/1 in that case, and the path C-G-H-K-J
can be considered as a feedback path. As the number of revo-
lutions of the input shaft L is reduced by it from n + 1 to n,
the fecd back is negative here.

The reader may try to draw a scheme on this basis for a
gear ratio of say 5/7. )

If in this general gearing for a gear ratio of &/, & and [ are
not very small, a large number of the intermediate shafts
will rotate at a very low speed as compared with the in- and
output shafts. This leads to difficulties in the next (mechani-
cal) stage of the design. So this gencral gearing has very little
practical value. It only serves to demonstrate to what extent
we have liberated ourselves of the conditions imposed on the
numbers of teeth in the conventional methods.

§ 7. Example for comparing the methods described

Let us suppose us an arbitrary example that a gearing has to
be realized with a gear ratio of 1831/391. )

The method of decomposition irto prime factors gives
1681 = 7 x 283 and 391 = 17 X 23. A number 233 of teeth
on a wheel will not be tolerable. ) )

The method of approximation by continued fractions givés
the fractions listed below. For each of these fractions we have
given the decomposition of the numerator and the denominator
into prime factors, the numerical value, and the relative error
of the approximation. For comparison such values have also
been given for 1631/391 in the last line (the only exact solution
obtainable with the conventional method).

e

e e—

Fraction Decomposition Nl{,’iﬁsal RSSE: €
sp ! 5/1 5.000,000 | +2 x 10-!
s | 2 x 2/1 4.000,000 | —4 x 10

21/5 | 8 » /5 4.200,000 | +7 x 1073

25/6 | 5% 5/2x8 4.166,667 | —1 x 1073
17141 | 8 x 8 x 19/41 4.170,732 | —2 X 104
148/85 | 2 % 785 x T | 4.171,420 | +2 x 10°5
1631/391; 7 x 28817 x 28 4,171,856 0

From this list it is elcar that if better approximations are
nceded larger prime factors will occur in the numbers of
teeth. Perhaps 146/35 can be accepted in this respect, if an
exact solution is not necessary. '

‘Next we will demonstrate that the occurrence of the factor
288 can be avoided by introduction of one differential, the
gear ratio remaining exact. We write 1631 as an algebraical
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sum of two integers, one havmg 17 and the other having 23 as
a prime factor. Suitable solutions turn out to be:
1631/391 = (1700 69)/391 = 1700/391 69/391 = 100/23—
—3/17,

1631/391 = (1495 -|- 136)/391
|= 8517 + 8p28.

Fig. 2is a schematical drawmg ofa reahzatlon of this gearing
based on the second solution. 4 is the input shaft L the output
shaft. Wheels D, E, K, J, H and G have numbers of teeth
respectively equal to '23,'186, 65, 17, 16 and 64. These numbers
~ |nave been shown in brackets in -the f1gure The action of

. |this gearing can best be understood starting from L. Suppose
- |Z turns over -+ 391 revolutions. J will make ——891 'x 65/17 =
- = —1495 revolutlons F will make. —391 X 16/64 = —391/4
{ revolutions. The cage C with the two planet pinions of the
+ ‘|differential B will make (391/4) X 16/28 = + 68 revolutions.

|Due to the rotatlons of J and C, 4 will turn over + 1495 +
4+ 2 x 68 = 1631 revolutions. So if 4 is the input shaft the

1495/391 -+ 136/391 =

'~ |gear ratio will be 1631/391 exaetly

. Thls gearmg can be considered as an extreme slmphfleatlon
of the gearing of § 6 for this case. The latter one contains for
our example 2 X (1630 1-'390). = 4040 differentials!

It is advantageous to use a solution in which there is a
main path with as feW wheels as possible, Prowdmg a gear
atio almost equal to the desired one. This Eath (4-B-J-K-L
fin our example) tlansmlts a substantial part of the flow of
nérgy from the 1nput- to the output shaft with a minimal
amount of back lash and ela.stlcal deformatlon The other
aths merely act to give a correction (less than 109%, in our
xample) in the gear ratio. So at least some of the wheels in the
flatter paths may be much smaller or hghter In this respect
*"Ithe first of the two solutlons shown above is better than the
:; Jone uséd in our example. Moreover lt only needs to have two
. ‘jpairs of meshed gears besides the differential (with numbers

fot teeth for instance equal o 12, 68, 28 and 50) against the
hreé in our example. The gear ratio will be negatlve however,
hat is the input and the output shaft rotate in opposite
directiops.

8. Apphcatlons .

- A gearmg with two dlfferentxals for a gear Tatio of
.881,211/1. 826 ,211 has been calculated by the author. This
eating served as a couphng between the second ‘hands of
g fwo dials of a clock, one mdlcatmg sidereal tlme, the other
mean solar time. The gear ratio had to be equal to the best
, own value of the ratio of the Iengths of ‘the mean solar day

" Ppnd the sidereal ‘day, given by the seven-place numbers
. Jmentioped above. ‘Qne of the hands had to, “be coupled to a

" Block of good ‘quality, adjusted every day. The indication
bn the other dlal once adJusted will automatlcally remain
orrect for its type of time w1th an error of less than 1 second/
ear.

The large numbers mentioned could not be decomposed
. nto sufflelently small prime factors. In the calculatlon of this

; vgearing no such decomp051’c10n has been necessary Besides

the two differentials 18 wheels were needed The largest number

"+ pf teeth was 109, Of course even this number could have been

tliminated by the introduction of a third differential. The
main path consisted of a couphng 1/1 through a differential.
Irhis gave the necessary correction of about 0.8 %. All 18 wheels
jvere in the correction path
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Fig. 2. Gearing with a gear ratio of exactly 1631/391 =

=7 X 288(17 X 23. B is a differential with planet pinions in

cage C. Numbers of teeth have been indicated in brackets.
Note the absence of a wheel with 233 teeth.

»

A schematical drawing of this gearing was presented in
July 1950 to the board of the Dr A. F. Philips’ Sterrewacht
(Astronomical Observatory) at Eindhoven.

The idea has been applied independently in U.S.A. for the
calibration of precision serews and ceontrol of ruling engines
f10].

It is interesting to note that application of this method to
the calculation of special gearing could lead to a certain

‘standardization of toothed wheels or wheel combinations

new'for such gearing. If we should have available the gear
ratios 1/2, 1/8 and 1/4 and moreover 1/10, 1/100, 1/1000 etc.,
we could compose a’ geating with every desired ratio by a
suitable combination of multiplication and addition units.

l
‘

Tafel. H.
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